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Announcements

Homework 3 is due Thu, Oct 15, 11:59 PM PT
• Please submit on time and follow the submission instructions

• To Gradescope via Canvas in a single PDF
• Email submissions are not accepted

Lectures on Wed, Oct 21 and Fri, Oct 23 will be held via Zoom; details and the Zoom
link will be posted on Canvas
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Agenda

Last time: PDFs and CDFs
• FX (x) = P(X ≤ x)
• P(a < X ≤ b) = FX (b) − FX (a)
• PMF values are CDF jumps; a continuous PDF is the CDF’s derivative

Today: Normal random variables
• Normal PDF and its parameters
• Standard normal distribution and the normal table
• Standardization, probabilities, and quantiles
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Recap: Cumulative distribution functions

For any random variable X ,
FX (x) = P(X ≤ x).

• P(a < X ≤ b) = FX (b) − FX (a)

For a discrete random variable,

FX (x) =
∑︂
x ′≤x

pX (x ′), pX (xi) = FX (xi) − FX (x−
i ),

where FX (x−
i ) := limx ′→xi − FX (x ′) is the value just before the jump.

For a continuous random variable with PDF fX ,

FX (x) =
∫︂ x

−∞
fX (t) dt, fX (x) = F ′

X (x)

when FX is differentiable.
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Motivation: Where do normal random variables arise?

Many real-world quantities are approximately bell-shaped.

Galton board

With many independent fair
deflections, the binomial landing

distribution is approximately normal.

Measurement error

error
0

Small positive and negative errors
often cluster around 0.

Natural variation

value

Heights, test-score noise, and many
biological traits are often
approximately normal.

Common pattern: values near the center are most common, while very small or very
large values are less common.
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Motivation: Why does the bell shape appear so often?

A common mechanism is the accumulation of many small influences added together.

Example (Examples of many-small-effects behavior)
• Galton board: each bounce sends the ball slightly left or right.
• Measurement error: many tiny sources of error combine.
• Human height: many genetic and environmental factors contribute.

X = X1 + X2 + · · · + Xn

• This is one reason the normal distribution is so important in probability and statistics
• Later in the course, this idea connects to the central limit theorem
• Normal approximation requires suitable assumptions though; many summands alone are not

enough

For now, we focus on how to describe and work with the normal model itself.
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Normal random variable

Definition (Normal random variable)
A random variable X is normal with mean µ and variance σ2, written

X ∼ N(µ, σ2),

if its PDF is
fX (x) = 1√

2πσ
exp

{︄
−(x − µ)2

2σ2

}︄
, x ∈ R,

where µ ∈ R and σ > 0.

• E[X ] = µ: location/center
• Var(X ) = σ2, so σ is the standard deviation/spread parameter
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Normal PDF: Shape and parameters

Properties of the normal PDF
• Symmetric around µ

• Bell-shaped
• Total area under the curve is 1
• µ controls location; σ controls spread

Changing µ: shift

x

µ = 0 µ = 2

Changing σ: spread

x

small σ

large σ
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Normality preserved under affine transformations

Normality is preserved under affine transformations
For any a, b with a ̸= 0, if X ∼ N(µ, σ2), then

aX + b ∼ N(aµ + b, a2σ2).

It is not surprising from the properties of expectation/variance that
E[aX + b] = aµ + b, Var(aX + b) = a2σ2.

Why is this true? One can verify it by deriving the PDF of aX + b.
• We will develop the general transformation method later

Implication: every normal random variable can be converted into a standard normal
random variable.

Z = X − µ

σ
∼ N(0, 1).
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Standard normal random variable

Definition (Standard normal)
The standard normal random variable is

Z ∼ N(0, 1).

Its PDF and CDF are respectively denoted by

ϕ(z) = 1√
2π

e−z2/2, Φ(z) = P(Z ≤ z) =
∫︂ z

−∞

1√
2π

e−t2/2 dt.

There is no simple elementary formula for Φ(z)
• We can compute it from the PDF using the defining integral.
• Typically we use a standard normal table, calculator, or software.
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Standard normal PDF and CDF: Visual summary

PDF ϕ(z)

z
0

CDF Φ(z)

z

0.5

0

By symmetry,
Φ(−z) = 1 − Φ(z).

Useful consequences:

Φ(0) = 1
2 , P(Z > z) = 1 − Φ(z), P(|Z | ≤ z) = 2Φ(z) − 1 (z ≥ 0).

11 / 23



Standard normal table

What the table gives

z

ϕ(z)

z = 1.20

Φ(1.20)

Example table entry

Φ(1.20) = P(Z ≤ 1.20) ≈ 0.8849.

z 1.18 1.19 1.20

Φ(z) 0.8810 0.8830 0.8849
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Standardization

Definition (Standardization)
If X ∼ N(µ, σ2), then we can “standardize” it by defining

Z = X − µ

σ
∼ N(0, 1).

Observe that for any x ∈ R,

X ≤ x ⇐⇒ Z ≤ x − µ

σ

Therefore,
P(a < X ≤ b) = P

(︃a − µ

σ
<

X − µ

σ
≤ b − µ

σ

)︃
= Φ

(︃b − µ

σ

)︃
− Φ

(︃a − µ

σ

)︃
.

One normal table is enough for all normal distributions. 13 / 23



Using the standard normal table

Typical workflow:
1. Convert X to Z = (X − µ)/σ.
2. Rewrite the probability in terms of Z .
3. Use the table for Φ.

Commonly used identities:

P(Z ≤ z) = Φ(z),
P(Z > z) = 1 − Φ(z), ∵ Φ(−z) = 1 − Φ(z)

P(a < Z ≤ b) = Φ(b) − Φ(a).

Remark: Most normal tables give left-tail probabilities Φ(z) = P(Z ≤ z).
• For right tails or middle intervals, first rewrite the probability in terms of Φ.
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Example: Normal-table calculation

Example
Question: Suppose

X ∼ N(70, 102).

Compute P(60 ≤ X ≤ 85) (for a continuous random variable, endpoints do not matter).

Standardize X :

P(60 ≤ X ≤ 85) = P
(︃60 − 70

10 ≤ Z ≤ 85 − 70
10

)︃
= P(−1 ≤ Z ≤ 1.5).

Thus,
P(−1 ≤ Z ≤ 1.5) = Φ(1.5) − Φ(−1).

Using Φ(1.5) ≈ 0.9332 and Φ(−1) ≈ 0.1587,

P(60 ≤ X ≤ 85) ≈ 0.7745.
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Example: Tail probability

Example
Question: Let

X ∼ N(100, 152).

Compute P(X > 130).

P(X > 130) = P
(︃

Z >
130 − 100

15

)︃
= P(Z > 2).

Thus,
P(Z > 2) = 1 − Φ(2).

Using Φ(2) ≈ 0.9772,
P(X > 130) ≈ 0.0228.

Interpretation: A value 2 standard deviations above the mean is relatively rare.
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Normal quantiles: Finding a cutoff

For X ∼ N(µ, σ2) and 0 < q < 1, the q-quantile xq satisfies

P(X ≤ xq) = q.

Standardization gives
zq = Φ−1(q), xq = µ + σzq.

Locate the probability q inside the normal table; interpolate if needed to find zq.

Example (95th percentile)
For X ∼ N(100, 152), use z0.95 ≈ 1.645:

x0.95 ≈ 100 + 15 × 1.645 ≈ 124.7.

About 95% of values lie below this cutoff, and 5% above.

Central 95% interval: Use z0.975 ≈ 1.96, giving approximately µ ± 1.96σ (2.5% in each tail).
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Pop-up quiz 1: Computing normal probabilities

Suppose X ∼ N(10, 4).

Question: Which expression equals P(X ≤ 13)?

A) Φ(13)
B) Φ(1.5)
C) Φ(0.75)
D) 1 − Φ(1.5)

Answer: B.
Since the standard deviation is 2, we standardize and obtain

13 − 10
2 = 1.5,

so
P(X ≤ 13) = P(Z ≤ 1.5) = Φ(1.5).

Follow-up: What expression gives P(X > 13)?
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Pop-up quiz 2: Computing normal probabilities

Let Z ∼ N(0, 1). Suppose Φ(1.2) = 0.8849.

Question: Which expression equals P(−1.2 ≤ Z ≤ 1.2)?
A) 0.8849
B) 1 − 0.8849
C) 2(0.8849) − 1
D) 1 − 2(0.8849)

Answer: C.
By symmetry, Φ(−1.2) = 1 − Φ(1.2). Hence

P(−1.2 ≤ Z ≤ 1.2) = Φ(1.2) − Φ(−1.2) = 2Φ(1.2) − 1.

Follow-up: Express P(Z > 1.2) using Φ(1.2).
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Additional exercise: Manufacturing tolerance (1/2)

Example (A more involved normal calculation)
A machine produces rods whose lengths are approximately normal:

X ∼ N(10, 0.22)

in centimeters.

Suppose that a rod is considered acceptable if

9.7 ≤ X ≤ 10.3.

Questions:
1. What fraction of rods are acceptable?
2. Among 100 independently produced rods, what is the expected number acceptable?
3. With the mean kept at 10, if the standard deviation is increased, would this fraction increase

or decrease? 20 / 23



Additional exercise: Manufacturing tolerance (2/2)

Example
Answer to Q1: Standardize X :

P(9.7 ≤ X ≤ 10.3) = P
(︃

9.7 − 10
0.2 ≤ Z ≤ 10.3 − 10

0.2

)︃
= P(−1.5 ≤ Z ≤ 1.5) = Φ(1.5)−Φ(−1.5).

Using symmetry, Φ(−1.5) = 1 − Φ(1.5), and therefore,

P(−1.5 ≤ Z ≤ 1.5) = 2Φ(1.5) − 1 ≈ 2 × 0.933 − 1 = 0.866.

Answer to Q2: If N is the number acceptable among 100 independently produced rods, then

N ∼ Binomial(100, 0.866),

where 0.866 is the acceptance probability for one rod. Hence E[N] = 100 × 0.866 = 86.6.

Answer to Q3: With µ = 10 fixed, the acceptance probability 2Φ(0.3/σ) − 1 decreases as σ
increases. Hence the fraction also decreases. 21 / 23



Wrap-up
Normal random variable: X ∼ N(µ, σ2) has mean µ and variance σ2

• The normal PDF is symmetric and bell-shaped.
• µ controls location; σ controls spread.

Standardization: If X ∼ N(µ, σ2), then

Z = X − µ

σ
∼ N(0, 1), and P(a < X ≤ b) = Φ

(︃b − µ

σ

)︃
− Φ

(︃a − µ

σ

)︃
.

What you should practice:
• Translate every normal probability into a standard normal probability.
• Use complements and symmetry to convert table values into the desired probability
• Be careful about variance vs. standard deviation and left-tail vs. right-tail probabilities.

Suggested reading: [BT08, Ch. 3.3]
Next lecture: Midterm 1 review
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