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STA 131A Introduction to Probability Theory
Final Exam Solution

Instructor: Dogyoon Song

Problem 1.

(a)

P(AUB) = P(A)+ P(B)— P(ANB) = -4+ 2 - L _1

2 5 10 5
P(ANB) 1/10 1
PAlB) = P(B)  2/5 4

A and B are not independent because

(b) Since Y = X2

Thus,

1/2, y=0,
1/4, y=1,
1/4, y=4,

0, otherwise.

Therefore,

(c)

(d) Choose the position of the single 6 in (le) = 4 ways. Each of the remaining three rolls can be any of the
five non-6 outcomes. Thus,

4
(1) 53 = 4-125 = 500.
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(© Cov(X,Y) 6 1
ov —
X Y = ? = = ——,
PIXY) V/Var(X)Var(Y) V916 2
Also,
Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y) =9+ 16 + 2(—6) = 13.
Problem 2.

(a) For an urn with r red balls and b blue balls, the probability of drawing exactly one red in two draws
without replacement is

Thus,

8.9 5)_2
15 15 15/ 45

(b) The posterior odds satisfy
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B)
P(H=C|E) PE|H=CPH=C)

Since the priors are equal,

P(H=B|E) P(E|H=B)_3/5_9

PH=C|E) PE|H=C) 1/3 5

Similarly,
PH=A|E) 78/157§
PH=C|E) 1/3 5
Since
2.8
55 ’

the most likely state after observing E is H = B.

(c) Use unnormalized posterior weights

wa=P(E | H=A)P(H=A4)= .
1 9
- H=B)P(H=B)=>=
ws = P(E|H=B)P(H=B)= 1=
1 5
= H=C)PH = =—-=—
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For Action 1, the unnormalized posterior expected payoff is

80+72+20 172

10 8 4 — .
W A + wp + wo = 45 - 45
For AC‘iOn 2, it is

A0+ 54440 134
Swas + 6wp + Swe = — 220

45 T 45
Since
12 13
45 45"
Action 1 has the larger posterior expected payoff.
Problem 3. Conditional discrete model
(a) Since P(G=0)=P(G=1)=1/2,
11 1
P(X=-1)=P(G=0P(X=-1|G=0)=7-; =
Similarly,
P(X=1)=, PX=-2=1  px=2-=1
IS Ty S
Thus X is uniform on {—2,—1,1,2}, and the marginal PMF of X is
1 .
_ )i if v e{-2-1,1,2},
px (@) {0 otherwise.
—2-14+1+2
LEX]= SRR g
4
(b) Use the law of total variance:
Var(X) = E[Var(X | G)] + Var(E[X | G]).
For G=0and G =1,
E[X |G=0]=0, Var(X |G =0) =1,
E[X |G=1]=0, Var(X |G =1) =4.
Thus,
1 1
E[Var(X | G)] = 5 (1) + 5 (4) = g and  Var(E[X | G]) = Var(0) = 0,
Therefore,
5
Var(X) = 7
(c) Since E[X] =0,
Cov(X,G) = E[XG] — E[X]E[G] = E[XG].
Using conditioning,
E[XG] = E[E[XG | G]] = E[GE[X | G]].
But E[X | G] = 0 for both values of G. Therefore,
Cov(X,G) =0.
However, X and G are not independent. For example,
P(X:2|G:1):%, but P(X:2):i.

Thus conditioning on G changes the distribution of X, so X and G are not independent.
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Problem 4. Task timing

(a) The support is the parallelogram with vertices
(0,0), (1,1), (1,2), (0,1).
Its area is 1, so normalization gives
c=1.

Thus
fX,Y(:Evy) =1 on R.

The random variables X and Y are not independent because the joint support is not rectangular. For
example, if X = z, then Y must lie in [z, z + 1], so the possible values of Y depend on z.

(b) For fixed y, the allowable values of x satisfy

0<x <1, r<y<x+1.
Equivalently,
max(0,y — 1) <z < min(1,y).
Thus,
Ys 0<y<l,
fY(y): 273/7 1<y§27
0, otherwise.

Since the joint density is constant, X | Y = y is uniform over the corresponding interval. Hence,

%, 0<y<l1,
BX|Y =y]=
(y—-1D+1 y
_— = = 1< < 2.
5 5 y

Therefore,
Ewwyzm:%, 0<y<2.

(c) Let D =Y — X. Since R = {(z,y) : 0 <2 <1, 2 <y < xz+ 1}, for each z € [0, 1], the duration
D =Y — X ranges from 0 to 1.
For0<d<1,
Fp(d)=P(D <d) = P(Y — X <d).

Within the parallelogram, for each x € [0, 1], the allowed range of y satisfying ¥ — X < d has length d,
namely
r<y<ax+d.

1 x+d
FD(d):/ / 1dydz = d.
0 T

Since the joint density is 1,

Thus,
0, d<0,
1, d>1.
Differentiating,
1, 0<d<1
d — ) )
fo(d) {0, otherwise.

Thus D ~ Uniform(0, 1).
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Problem 5. Tail bounds, CLT, and convergence

(a) For X ~ Exponential(1/2),
P(X >6) = e~ 1/26 = ¢73 % 0.050.
Using Markov’s inequality,

EX] 2 1
P(X >6)< =-=_.
(X 26) < 6 6 3
Using Chebyshev’s inequality, since X > 6 implies |X — 2| > 4,
Var(X) 4 1
> < — > < = = —.
P(X>6)<P(|X—-2/>4)< 2 6= 1

(b) For X; ~ Exponential(4),

16
Thus,
_ 1/16 1
D(Xgs) =/ = = —.
SD(Xes) 64 32
By the CLT,
_ 0.20 — 0.25 0.30 — 0.25
P(020< Xes <030)~ P 1220 c g 2 — 22
(0-20 < Xo4 < 0.30) ( /32 7~ 1/32 >

The standardized bounds are
—1.6 and 1.6.

Therefore, -
P(0.20 < Xg4 <0.30) = ©(1.6) — &(—1.6) = 2®(1.6) — 1.

Using ®(1.6) ~ 0.9452, )
P(0.20 < Xg4 < 0.30) ~ 2(0.9452) — 1 = 0.8904.

(c) For0 <z <1,
P(Mnfx)ZP(UlSa’:,...,Ungx):xn_

To check convergence in probability to 1, fix e > 0. For 0 < e < 1,
P(M,—1|>e)=P(M, <1—¢)=(1—¢)" 0.
For € > 1, the event is impossible since M,, € [0, 1]. Hence
M, & 1.

(d*) For fixed ¢ > 0,
P(n(1M7,,)>t)_P<Mn<1t>.
n

e )=(-0)

lim P(n(l—M,) >t)= lim (1 - t) =e

n—o0 n—0o0

For n > ¢,

Therefore,
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Problem 6. Measurement model

(a) Conditional on © = 6,

(b)

Y=0+¢.
Thus,
EY |©@=60]=60+E[e] =96, and Var(Y | © = 6) = Var(e) = é

Therefore,
E[Y] = E[E[Y | ©]] = E[O].

Since © ~ Uniform(0, 2),
E[©] =1, and thus, E[Y]=1.

By the law of total variance,
Var(Y) = E[Var(Y | ©)] + Var(E[Y | 9]).
The two terms are respectively
1
E[Var(Y | ©)] = 5 Var(E[Y | ©]) = Var(0©).

Since © ~ Uniform(0, 2),

_(2-02 1
Var(0) = 5 =3
Therefore,
1 1 1
Var( ) = 6 + g - 5
By Bayes’ rule,
0 15|60
Fory (8] 15) = fe(0)fyie(1.5]0)

Jy fe(w)fyie(15 | u)du’
Since © ~ Uniform(0,2), fo(#) = 1/2 on [0,2]. The likelihood is positive when |1.5 — 0] < 1, so

0.5<6<2.

On this interval,
#—05 05<6<1.5,

15(0)=1—|15—0] =
frie(L5]0) | | {2,5—67 1.5<6<2.

The prior density fo(f#) = 1/2 is constant on [0, 2], so it cancels in the normalized posterior density.
Define
005 05<0<1.5,
g0)={25-0, 1.5<0<2,
0, otherwise.

The normalizing constant is

/01'5(9 —0.5)d6 + /2 (25— 0)df =

5 1.5

_|_

DO =
ool w

Therefore,

%(9 —05), 0.5<0<1.5,

foy(011.5) =1 Z25-9), 15<0<2,

| o

0, otherwise.
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(d¥)

Now s )
fl (0 —0.5)do + f1_5(2.5 —0)do

PO>1|Y =15)=

7/8
The numerator is
3 3 3
sts= 1
Thus, /
3/4 6
P(@zl\Y:lﬁ):%:?

Conditional on © = 6,
1
ElY; |©=0]=6, Var(Y; \629):\/&1“(5):6.

Thus, by the CLT,

Therefore,

P(IYn—0|§0.05|@:9)zp<|z|<0-05>

~ 1/ 6n)
:POmg00a@@.
Using P(]Z| < 1.96) ~ 0.95, we require
0.05v/6n > 1.96

Equivalently,

1.962
> ~ 256.11.
"= 6(0.05)2

Hence the smallest integer satisfying the CLT-based condition is

n = 257.

The posterior density is proportional to a triangular shape with peak at 1.5, but it is truncated on the
right at 2. Thus, it has a longer left side [0.5,1.5] than right side [1.5,2], and there is more posterior
mass to the left of 1.5 than to the right. So

E[©|Y =1.5] < 1.5.
Alternatively, one can directly compute

1.5 2
00 —0.5)df + [, 0(2.5—0)do
E[©|Y =1.5] = =5 7Bh5

50/48 59
= —— = — ~ 1.405.
7R T ap A

Thus,
E[©|Y =1.5] < 1.5.



