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Announcements

Homework 5 is posted
® Please review the problems early and ask questions as needed.

® Submit on time and follow the submission instructions.

Office hours today
® |nstructor office hours: 2:30-3:30 PM, MSB 4220.

® You are welcome to bring questions about Homework 5 or recent lecture material.
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Agenda

Last time: Jointly continuous random variables
® Joint PDFs of two continuous random variables
® Marginal PDFs

Joint CDFs

Expectations with joint PDFs

® Extension to more than two random variables

Today: Conditioning and independence for continuous random variables
e Conditioning on an event
e Conditioning on another random variable

® Conditional expectation and total expectation

Independence of continuous random variables
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Recap: Joint PDFs

Random variables X, Y are jointly continuous if there exists the joint PDF fx y such that

P((X, Y)eA)://A f.y (x, y) dx dy.

® Marginal PDFs are obtained by integrating out the other variable:

fx(x) = /o:o fx v(x,y)dy, fy(y) = /OO fx v(x,y) dx.

— 00

® Expectations are weighted averages over the joint density:
E[g(Xv Y)] = //g(x7y)fX,Y(Xay) dx dy

These extend to the case where there are more than two random variables

Today: conditioning means taking a slice and renormalizing it.
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Conditioning a continuous random variable on an event

Definition
Let X be a continuous random variable and let A be an event with P(A) > 0. The
conditional PDF of X given A is the density fx |4 satisfying

P(X € B| A) = / fia(x) dx.
B
If A= {X € C}, then

fx(x)
fxja(x) = ¢ P(A)’
0,

e,
x ¢ C.

Interpretation: conditioning keeps only the density compatible with A, then renormalizes.
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Example: Memoryless property of exponential

Example

Let X ~ Exponential()), so
fx(x) = Xe™™, x > 0.

Fix s > 0, and condition on the event A = {X > s}.

For x > s,
fx(X) . )\e_AX

fxx>s(x) = PX>3s) e e~ Ax=s),

Therefore, for t > 0,

PX>s+t|X>s)= [ e Ddx=e?=PX>t)
s+t

Takeaway: Given that we have already waited s, the remaining waiting time behaves like
a fresh exponential random variable.
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Total probability theorem for PDFs

Let Aq,..., A, be a partition of the sample space with P(A;) > 0. Then
Z P(A) fxia,(

This is the continuous analogue of

Z P(Ai)pxia; (x

Interpretation: the unconditional density is a weighted average of conditional densities.
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Example: A mixture density

Example
A population consists of two groups:
P(G=1)=04, P(G=2)=06.
Given the group, X has density
eatr= {3 SEEE e o=} 202
Then by total probability for PDFs,
fx(x) = 0.4 fx|g=1(x) + 0.6 fx|g=2(x).

Thus,
04, 0<x<1,

fx(x) =406, 1<x<2,
0, otherwise.
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Conditioning on another continuous random variable

For jointly continuous X, Y, the event {Y = y} has probability 0, so the expression
P(XeB|Y=y)

cannot be defined by the elementary ratio formula.

Nevertheless, the conditional density is defined by slicing the joint density at Y = y and

renormalizing:

fx,v (%, ¥)
fr(y)

For each fixed y, x + fx|y(x | y) is a valid density:

fxy(x | y) = fy(y) > 0.

/ fX|y(X | y)dx =1.

—00
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Example: Conditional density from a joint density

Example

Let
fX,Y(Xay):2a OS}’SXS1

From earlier,
fx(x) = 2x, 0<x<1

Thus, for0 <y < x <1,

fX,Y(Xay) 2 1
fYIX(Y|X):W:§:;~

So
Y | X = x ~ Uniform(0, x).

Interpretation: once X = x is fixed, the possible values of Y are uniformly spread over
[0, x]. 10/22



Modeling using conditional PDFs

Conditional densities can be used to build a joint model:

fx,y (x,y) = fx(x) fy;x(y | x).

Suppose
fX(X)=2X7 0<x<1,
and
Y | X = x ~ Uniform(0, x).
Then |
fY|X(Y|X):)_(a 0<y<x
Therefore,

1
fx,Y(X7Y)=2X';=2, 0<y<x<L
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Pop-up quiz

Suppose
fxy (x,y) = 3x,
and fx,y(x, y) = 0 otherwise.

0<y<x<I,

Question: Which expression gives fx|y(x | y) for 0 <y <17

A)% 0<y<x<1
2x

)1_7}/2»

C) 3x, y<x<1

D) 2(1_}/)7 OSXSY

y<x<l1

Answer: B.
For fixed y, the allowed values are y < x <1, and

1
3
fr(y) = / 3xdx = 5(1 — yz)7 therefore,
y

3x

2x

bt = Gy -

Follow-up: Why are the bounds y < x <1, not 0 < x <17

1—y2’
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Conditional expectation

For a conditional density fx|y(x | y), define
BIX| Y =yl = [ xfaylx|y)dx.

More generally,
Elg() | Y =yl = | &) favlx | v) dx.
[ee]

Interpretation: E[X | Y = y]| is the average value of X under the conditional density
after Y = y is fixed.
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Total expectation theorem

For jointly continuous X, Y,

EX) = [ EX|Y = () dy.

This is the continuous analogue of

E[X] =) E[X|Y =ylpy(y).

Interpretation: the unconditional mean is a weighted average of conditional means.
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Example: Total expectation for a piecewise PDF

Let
%, 0<x<1,
fX(X): %7 ]-SX§2a
0, otherwise.
Let
Ar={0< X <1}, A ={1< X <2},
Then

PA)=3,  PlA)=>.

Given A, X ~ Uniform(0,1), so

1
E[X | A = 5.
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Example: Continuing the variance calculation

Example
For X | Ay ~ Uniform(0, 1),

1
E[X? | A] = 3

For X | Ay ~ Uniform(1,2),
12+1-2+22 7
E[X2|A))=—-—°"T°2 _ "
X2 | A . :
By total expectation applied to X2,
1
E[X?] == -
X =5
Thus,
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Independence of continuous random variables

Definition
Jointly continuous random variables X and Y are independent if

fx,y (x,y) = fx(x)fy(y) for all x,y.

Equivalent statements:
Fx,v(x,y) = Fx(x)Fy(y),

and for fy(y) > 0,
fxy (x | y) = fx(x).

Interpretation: knowing Y = y does not change the density of X.
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Example: Independent normal random variables

Example
Let
X ~ N(MX7U)2()7 Y ~ N(/“’vo'%/)?

and suppose X and Y are independent.
Then the joint PDF is
fx, v (x,y) = fx(x)fy (y).

That is,

1 exp{_(x—ux)2 B (Y—MY)z}.

f - -
xy(x:¥) 2TOXOy 20§< 20%,

The density contours are ellipses aligned with the coordinate axes.
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Consequences of independence

If X and Y are independent, then for suitable functions g, h,
Elg(X)h(Y)] = E[g(X)]E[h(Y)].

In particular,
E[XY] = E[X]E[Y].

If X and Y have finite variances, then

Var(X + Y) = Var(X) + Var(Y).

Caution: linearity of expectation does not require independence:

E[X + Y] = E[X] + E[Y]

always holds when the expectations exist.
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Pop-up quiz

Suppose
Aoy(xy)=6xy%,  0<x<1,0<y<L

Which statement is correct?

A) X and Y are independent.

B) X and Y are not independent because the joint density contains xy?.
C) The function is not a valid joint PDF.

D) fx(x) = 6x.

Answer: A.
The marginals are fx(x) = 2x for 0 < x <1 and fy(y) =3y? for 0 < y <1, and

fx(x)fy(y) = 2x - 3y? = 6xy°.

Follow-up: What changes if the support is triangular instead of rectangular?

20/22



Wrap-up

Conditional PDFs on an event keeps the compatible density and renormalizes it
® Conditioning on Y = y is defined by slicing the joint density:

fx,v(x,y)
fy ()

Conditional expectation is an average under the conditional density:
BIX | Y =)= [ xfay(x|y)d.

* Total expectation averages conditional means: E[X] = [E[X | Y = y] fy(y) dy.

fxiy(x | y) =

Independence: X and Y are independent iff fx v(x,y) = fx(x)fy(y).

e Under independence, expectations factor and variances add.

® Geometry still matters: the support can prevent factorization even if it looks separable.

Suggested reading: [BT08, Ch. 3.5]
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